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In 1960 R.H. Bing [2] proved that every homogeneous plane continuum that contains an arc 
is a simple closed curve. At that time Bing [2, p. 2281 asked if every l-dimensional homogeneous 
continuum that contains an arc and lies on a 2-manifold is a simple closed curve. We prove that 
no 2-manifold contains uncountably many disjoint triods. We use this theorem and decomposition 
theorems of F.B. Jones [IO] and H.C. Wiser [ 191 to answer Bing’s question in the affirmative. We 
also prove that every homogeneous indecomposable continuum in a 2-manifold can be embedded 
in the plane. It follows from this result and another theorem of Wiser [20] that every homogeneous 
continuum that is properly contained in an orientable 2-manifold is planar 
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A space is homogeneous if for each pair x, y of its points there is a homeomorphism 
of the space onto itself that takes x to y. 
All spaces considered in this paper are separable and metrizable. 
A continuum is a nondegenerate compact connected space. 
A continuum is decomposable if it is the union of two of its proper subcontinua; 
otherwise, it is indecomposable. If a continuum does not have a decomposable 
subcontinuum it is hereditarily indecomposable. 
A continuum is a solenoid if it is homeomorphic to an inverse limit of circles 
with covering maps as bonding maps. Note that simple closed curves are solenoids. 
A continuum is tree-like if for each positive number E it has an open covering 
with mesh less than F whose nerve is a tree. 
A continuum T is a triod if T has a subcontinuum C such that T\C is the union 
of three nonempty disjoint open sets. We call C a central subcontinuum of T. If a 
continuum does not contain a triod it is atriodic. 
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Theorem 1. No 2-manifold contains uncountably many disjoint triods. 
Proof. Assume there is a 2-manifold L that contains uncountably many disjoint 
triods. By [ 15, Lemma] L has a compact subset that contains uncountably many 
disjoint triods. Hence there exist a closed 2-manifold M and an uncountable 
collection 9 of disjoint triods such that M contains U 9. 
For each element T of y, let C(T) be a central subcontinuum of T. 
Let % be the collection of all elements T of 9 such that C(T) is not in the 
interior of a disk in M. 
Note that 011 is uncountable. To see this assume the contrary. Then Jl”u is 
uncountable. Let Y be an element of Jq% such that C( Y) is a point of condensation 
of the uncountable point set {C(T): T E JY”II} in the compact metric hyperspace 
2M [12, p. 45 and 471. Let D be a disk in M such that C(Y) is in the interior of 
D. If T is an element of r and C(T) is in the interior of 0, then there is a triod 
in T n D. Hence D contains uncountably many disjoint triods and this contradicts 
Moore’s theorem [ 151. Therefore % is uncountable. 
Since 021 is uncountable and 22M . IS a compact metric space, there is a sequence 
T,, T2,. . . of distinct elements of % that converges to an element T of % such that 
C(T,), C(T2), . . . converges to C(T). 
Let P be a compact connected neighborhood of C(T) in M such that P is a 
2-manifold with boundary and P does not contain T. Let n be a positive integer 
with the property that if ,$ is a collection of n disjoint simple closed curves in P 
and no element of 2 bounds a disk in P, then there exist three elements of 2 such 
that each pair cobounds an annulus in P (see Appendix). 
Assume without loss of generality that U { C( T,): 1 G i G n} is in the interior of 
P and P does not contain an element of { z: 1 s i G n}. Let PI, P2, . . . , P,, be disjoint 
compact 2-manifolds in P such that for each i (1 s is n), Pi is a connected 
neighborhood of C( Ti) that misses U {T,: 1 s j s n and j # i}. 
For each i, let Qi be the compact connected neighborhood of C(z) obtained by 
taking the union of P, and each disk in P that is bounded by a simple closed curve 
in the boundary of Pi. Since the Pi’s are disjoint and no C( Ti) is in the interior of 
a disk in M, the Qi’s are disjoint. 
For each i, let .I, be a simple closed curve in the boundary of Qt. Since the Jl’s 
are disjoint and no J, bounds a disk in P, there are three elements of {Ji: 1 s is n} 
with the property that each pair cobounds an annulus in P. Assume without loss 
of generality that each pair of elements of {J,, J2, J3} cobounds an annulus in P 
For i = 1 and 2, let Ai be the annulus in P that is cobounded by Ji and -Ii+,. 
Assume without loss of generality that A, n A2 = Jz. 
Let A denote the annulus A, u A, in l? Note that J, and J3 cobound A. 
Since Q2 n (J, u J3) = 0, the annulus A contains C( T2). Since T2 n (J, u J3) = 0, it 
follows that A contains T,. But since P contains A and does not contain T2, 
this is a contradiction. Hence no 2-manifold contains uncountably many disjoint 
triods. 
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Theorem 2. If X is a homogeneous indecomposable continuum in a 2-manifold M, 
then X is planar. 
Proof. If X is hereditarily indecomposable, then according to a theorem of J.T. 
Rogers [ 181 X is tree-like and therefore planar [ 16, Lemma 21. Hence it suffices to 
show that X does not have a decomposable subcontinuum. 
The continuum X is atriodic; for otherwise, since X is homogeneous and indecom- 
posable, each composant of X contains a triod and this contradicts Theorem 1. 
Suppose that X has a decomposable subcontinuum. By [7, Theorem 21 X admits 
a continuous decomposition 9 such that X/g is a solenoid, all elements of 9 are 
homeomorphic, and each element of 9 is a point or a tree-like subcontinuum of 
X. The decomposition space M/ 9 is homeomorphic to M [ 16, Theorem 11. Further- 
more, since X is indecomposable, X/g is not a simple closed curve. Hence X/B 
is a nonmovable solenoid [4, p. 1381 in the 2-manifold M/9 and this contradicts 
a theorem of D.R. McMillan [13, Theorem 11. It follows that X does not have a 
decomposable subcontinuum and the proof is complete. 
The following theorem answers in the affirmative a question of Bing [2, p. 2281. 
Theorem 3. If X is a 1 -dimensional homogeneous continuum that contains an arc and 
lies on a 2-manifold, then X is a simple closed curve. 
Proof. Note that X is decomposable. To see this assume the contrary. Then, by 
Theorem 2, X is planar. Hence X is a simple closed curve [2][ 111, and this contradicts 
the assumption that X is indecomposable. Therefore X is decomposable. 
Consequently X admits a continuous decomposition 9 such that X/g is a simple 
closed curve, all elements of 9 are homeomorphic, and each element of 9 is a 
point or a homogeneous tree-like hereditarily indecomposable planar subcontinuum 
of X [19, Theorem 111 [6, Theorem 21. Furthermore, if H is a subcontinuum of X 
that intersects an element E of 9 and X\E, then H contains E [19, Theorem 11, 
proof] [ 10, Theorem 11. Since no arc in X is contained in an element of 9, it follows 
that each element of 9 is a point of X. Hence X is a simple closed curve. 
Theorem 4. Every homogeneous continuum that is properly contained in an orientable 
2-manifold is planar. 
Proof. This follows immediately from Theorem 2 and Wiser’s theorem [20, Theorem 
1] that every decomposable homogeneous continuum that is properly contained in 
an orientable 2-manifold is planar. 
Question 1. Must every homogeneous continuum that is properly contained in a 
2-manifold be planar? 
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The three known examples of a homogeneous plane continuum are the circle, 
the pseudo-arc [ 1][ 141, and the circle of pseudo-arcs [3]. An affirmative answer to 
the following question of F.B. Jones [9, p. 8591 would imply that there are no other 
examples [5, Theorem 21 [S, Theorem 21 [lo, Theorem 21 [17, Theorem 31. 
Question 2. Is every homogeneous nonseparating plane continuum a pseudo-arc? 
If there exists a nonplanar homogeneous continuum X that is properly contained 
in a 2-manifold, then, by Theorem 2, X is decomposable. Hence, by Wiser’s theorems 
[ 19, Theorem 1 I] [20, Theorems 1 and 21, X is a circle of homogeneous tree-like 
planar continua that is embeddable in a Mobius band. Since the circle of pseudo-arcs 
is unique [3, Theorem lo], it follows that the elements of the decomposition of X 
are not pseudo-arcs [5, Theorem 21 [8, Theorem 21. Hence an affirmative answer to 
Question 2 would also answer in the affirmative Question 1. 
Appendix. Suppose P is a compact connected 2-manifold with Euler characteristic 
x. We shall prove that 
(1) if 9 is a collection of 61x1+ 7 disjoint simple closed curves in P and no element 
of 2 bounds a disk in P, then 2 has three elements with the property that each pair 
cobounds an annulus in P. 
Some variations of (1) are considered to be folklore [13, p. 3441. The author 
wishes to thank Robert D. Edwards for outlining the following proof. 
We begin by listing all of the compact connected 2-manifolds that have non- 
negative Euler characteristics. 
manifold characteristic 
2-sphere 2 
projective plane 1 
disk 1 
torus 0 
Klein bottle 0 
aIlINlhls 0 
Mobius band 0 
Note that 
(2) if 37 is a collection of disjoint simple closed curves in P and P\u 3 is connected, 
then 3 has at most (xl+2 elements. 
To see this let L, be an element of 2. 
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Case 1. Suppose L, can be thickened slightly to form an annulus A in 
P\lJ (_%‘\{L,}). Then the two holes in P\A that share boundary with A can be 
capped off with two disjoint disks. Since the Euler characteristic of the closure of 
P\A is x, the result of this operation is a compact connected 2-manifold P, whose 
Euler characteristic x, is larger than x. 
Case 2. Suppose L, can be thickened slightly to form a Mobius band B in 
P\U (Z\{L,}). Then the hole in P\B that has the same boundary as B can be 
capped off with a disk. Since the Euler characteristic of the closure of P\B is x, 
the result is a compact connected 2-manifold P, whose Euler characteristic x, is 
larger than x. 
Let L, be an element of T\{ L,}. Since P\( L, u L2) is connected, P,\L, is 
connected. Thickening L2 to an annulus or a Mobius band in P,\u (Z\{L,, L,}) 
and repeating the preceding operation, we obtain a compact connected 2-manifold 
P2 whose Euler characteristic is larger than x1. 
Select an element of Z\{L,, L2} and repeat the operation on Pz. Since the Euler 
characteristic is increasing with each operation, this process can be carried out at 
most /xl+ 2 times before the resulting 2-manifold will be a 2-sphere. Furthermore 
none of the resulting 2-manifolds are separated by an element of 9. Hence (2) is true. 
Since each Mobius band in P contains a simple closed curve that does not separate 
the band, it follows from (2) that 
(3) P does not contain [xl+3 disjoint Mobius bands. 
Next we show that 
(4) each subcollection of 2 that has 31x/+4 elements has a pair of elements that 
cobounds an annulus in P. 
To see this let Yt be a subcollection of ,$ with 3/x1+4 elements. Let 2 be a 
subcollection of Yt that is maximal with respect to the property that P\IJ 2 is 
connected. By (2), 9 has at most 1x1+2 elements. 
Each element of Y’\Z’ separates P\u 2. Therefore P\U Yt has at least 2)x\+ 3 
components. Each component of P\u Yt has boundary. Furthermore no component 
of P\I._, YC is an open disk. Hence the closure of each component of P\u YC has 
non-positive Euler characteristic. The sum of the Euler characteristics of the closures 
of the components of P\U Yt is x. Hence at least Ix]+ 3 of the components of 
P\lJ YC have closures with Euler characteristic 0. 
Each component of P\IJ YC whose closure has Euler characteristic 0 is either an 
open annulus or an open Mobius band. It follows from (3) that one component of 
P\U YC is an open annulus. Hence (4) is true. 
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Let Jt, J2, . . . , J6~X~+7 denote the elements of 2. For each integer i (1~ is 31x(+4), 
let 
$i={Jn: lSnS31xI+3+i}. 
By (4), 2, has a pair X,, Y, of elements that cobounds an annulus in P. Also by 
(4), 2*\{X,} has a pair X2, Yz of elements that cobounds an annulus in P. Proceeding 
inductively with the help of (4), we define for each integer i (1 G is 31x1+ 4) a pair 
Xi, Y, of elements of 2i\{X,,: 1s n < i} that cobounds an annulus in P. 
Suppose 
(6) there exist integers i and j (1 G i <Jo 31x/+4) such that Y, = X, 
Then each pair of Xi, X,, and E; cobounds an annulus in P and (1) is true. 
Suppose (6) is not true. Then {X,: 1s is 31x/+4} and { Y,: 1 s is 3/x1+4} are 
disjoint. By (4), there exists a pair Xi, X, that cobounds an annulus in P. Consequently 
Xi, Xj, and Y, are distinct elements of 8; with the property that each pair cobounds 
an annulus in P. Hence (1) is true. This completes the proof. 
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